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1 EXERCISE 6.5
Let 1 < p < oo and suppose f € LP(R). Let g(x) = ;H f()dy. Prove that g € C,(R).

Proof:

1. g is continuous: is to prove Vx e R, Ve >0,36,s.t |g(x+ h) —gx)| <e,Vh <$.
*.-continuous functions with compact support is dense in L” (R) space, .. 3¢ € Cy(R), s.t [|¢p—
fllzr is sufficient small, so that [ | f — ¢l < ([Z [fF = p)VP ([T < | f —pllr <e/3.
".* ¢ is continuous with compact support, so it’s actually uniformly compact. .-. 36 s.t [p(y +
h)—¢(l<el3,VyeR.
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2. g vanishes in co
" feLPR), .Ve>0,ANER, s.t (f|x|>N|f(x)|de)1/P <e€,..when x> max{N,N +1},g(x) <
PN f@ldx < (P @ PdoV P Y = (5T FoolPda P <e.



2 EXERCISE 6.6

Show that the Fourier transform & : L! (R%) — C, (R%) is not onto. Show, however, that its im-
age is dense in C,([R%).
Proof:

3 EXERCISE 6.8

Give an example of a funciton f € 2 (IRd) which is not in LI(IRd), but such that f el (IRd).
Under what circumstances can this happen?

Solution:

flx) =802 £ =1/2y/772(Sign(1 — &) +Sign(& + 1)), here f isin L2/L! but f isin L.

X

4 EXERCISE 6.29

Prove that if{fj}‘]’.‘;1 cSand f; S f,thenforany 1< p <oo, f; L f.
Proof:

S
fi—=f oo en(fi—f)—0,VneN,
ie 1A+1-1)"2D(fi - Pl —0,¥neN,Vlal < n,a e N

flfj(x)—f(x)l”dx

=f Ifj(X)—f(x)Ipdx+f Ifi(x) = f(x)|Pdx
B1(0) Ixl=1

Meanwhile, | f; - fII7,

The former integral obviously can be restrained to any small value, so consider the latter.
Since for any smalle, 3N, forVj= N, (1+ |x|2)(d+1)/2(fj — f) <e. Then
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where dwg is the measure of the unit sphere. So all in all f; L f-



5 EXERCISE 6.31

Let f € HS®RY) = {f € PR : (1 +|E12)%'2| f(&)] € L2RD}.

(a) Show that there is some sy € R such that f(cf) € LY (R?) for s > so.

(b) Apply the Riemann-Lebesgue Lemma to f (&) to show that, for s > sy, there is some con-
tinuous function g such that f = g almost everywhere.

Solution:

() Suppose sp = d + 1. When s = s, take g(¢) = (1 + 1E12)52| £ (&)1, so g € L2(R?). Apparently
)= W,and Ifl=lgl

f |f(x)|dx+f |f(x>|dx+f Fldx
B, (0) |x|=1,1g(x)[<1 [x|=1,1g(x)[>1

f | (x)Idx+f ;+f lg(x)?dx (5.1)
B,(0) & =1, lg<1 L+ 1x12)52  Jix=1,1g01>1 & )

For the first term of (5.1), we know in bounded area L' < L?, so glp, ) € L'(B;(0)). The first
term< oo.

For the second term of (5.1), we know that s = d+1, 501t < f| 1 o (<1 1K1 747" < fiye 1217971 =
dwg [°r~ 4147 1dr < co.

For the third term of (5.1), as g € I2,it obviously < co.
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